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A volume conjecture for a family of Turaev-Viro type 
invariants of 3-manifolds with boundary 

Qingtao Chen & Tian Yang 


Abstract 

We consider a family of Turaev-Viro type invariants for a 3-manifold M with non-empty boundary, indexed 
by an integer r ^ 3, and propose a volume conjecture for hyperbolic M that these invariants grow exponentially 
at large r with a growth rate the hyperbolic volume of M. The crucial step is the evaluation at the root of 
unity exp(2-7T\/—1/r) instead of that at the usually considered root exp(7r\/—1/r). Evaluating at the same 
root exp(27rC—1/r), we then conjecture that, the Turaev-Viro invariants and the Reshetikhin-Turaev-Lickorish 
invariants of a closed hyperbolic 3-manifold M grow exponentially with growth rates respectively the hyperbolic 
and the complex volume of M. This uncovers a different asymptotic behavior of the values at other roots of unity 
than that at exp(7t\/—1/r) predicted by Witten’s Asymptotic Expansion Conjecture, which may indicate some 
different geometric interpretation of the Reshetikhin-Turaev invariants than the SU( 2) Chem-Simons theory. 
Numerical evidences are provided to support these conjectures. 


1 Introduction 


In II24II251 . Kashaev introduced a family of complex valued link invariants indexed by the integers n using quan¬ 
tum dilogarithm, and conjectured that, for a hyperbolic knot or link, the absolute value of these invariants grow 
exponentially at large n, with a growth rate the hyperbolic volume of the knot or link complement in S 3 . The 
mathematically rigorous definition of Kashaev’s invariants was given by Baseilhac and Benedetti (U 12 13]01. In 
l39l , Murakami and Murakami proved that Kashaev’s invariants turned out to be special values of the colored 
Jones polynomials of the link, and extend Kashaev’s conjecture to the following 

Volume Conjecture (| 25il39l ). For any link K in S 3 , let J n {K\ q) be its n-th colored Jones polynomial. Then 

P7r Iv cr 

lim —In \j n (K; e 51 )| = v 3 ■ ||S 3 \iT||, 

n— H-oo n 


where v 3 is the volume of the regular hyperbolic ideal tetrahedron and US' 3 \ I\ || is the simplicial volume of the 
complement of I\. 


Due to the use of different notations, the value e 

2tt v^T 

nomial at the usually considered root of unity e ^ in most of the other literatures. (See also Remark 
conjecture has been proved for certain cases including the Figure-eight knot (cf. Il39l ). torus knots lf26l and their 


here equals the value of the colored J ones poly- 

) This 


2.1 


Whitehead doubles l57l . (2, 2m)-torus links 1231 , Borromean rings 111 8H , twisted Whitehead links |[57i and White- 
head chains lf54ll . In lf55l . it was proved that for every link K there is an unlink L in the complement of K such that 
the Volume Conjecture is true for the union K U L. Numerically, the Volume Conjecture has been verified for the 
knots 63, 89 and 820 l40l - Various extensions of this conjecture for the colored Jones polynomials were proposed 
and proved for certain cases in 112211411 JO 15 ]4. 421. 


In the present paper, we consider a family of real valued invariants {TV r (M; q )} for a compact 3-manifold 
M with non-empty boundary, indexed by an integer r ^ 3 and evaluated at certain root of unity q of degree 2r, 
which is an extension of Turaev-Viro invariants for closed 3-manifolds |52| . (See Dehnition |3.1| and Thcorem |3.2| ) 

271--^/—T 

Then main focus of this work is on the valus at the root of unit q = e *■ and their asymptotic behavior, and we 
propose the following volume conjecture. 
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Conjecture 1.1. Let M be a hyperbolic 3-manifold with cusps or geodesic boundary and let Vol(AI) be its 

2-tt v^T 

hyperbolic volume. Then for r running over all odd integers and for q = e r , 

O 7r 

lim -- log ( TVJM ; q)) = VMM). 

r—>■+oo T — 2 v ' 

The invariant TV r (M) is a state sum of Turaev-Viro type defined by using triangulations and quantum 6 j- 
symbols ( §2.2| i. Recall that Turaev-Viro’s original construction gives rise to real valued invariants for closed 3- 
manifolds and 2+1 TQFT’s for 3-cobordisms ||52| , and 2+1 TQFT’s for 3-cobordisms containing a link inside f50l . 
In all of their constructions, they use the usual triangulations, meaning the vertices of the triangulations are inside 
the manifolds and the cobordisms, and in the case of cobordisms, the edges on the boundary are from the edges 
of the triangulations. The difference in our construction is that, instead of using the usual triangulations, we use 
ideal triangulations of a 3-manifold with non-empty boundary (j j2. 1 [ ). Then following Turaev-Viro’s construction, 
we color the edges by half-integers less than or equal to (r — 2)/2, associating a quantum Gj-symbol to each 
tetrahedron. We then multiply the quantum 6+symbols over all the tetrahedra and sum up the resulting products 
over all the colorings to obtain a number. The Orthogonality and Biedenharn-Elliot identity assure that this real 
number is independent of the choice of the ideal triangulation, and hence is an invariant of the 3-manifold. See ^3] 
for more details. For orientated 3-manifolds with non-empty boundary, we are informed by Benedetti that these 
invariants coincide with the ones defined in 0 using o-graphs. 

Conjecture o is motivated by the beautiful work of Costantino CD that the quantum 6y-symbols for a se¬ 
quence of 6-tuples of hyperbolic type grow exponentially, with the growth rate the hyperbolic volume of the 
truncated hyperideal tetrahedron whose dihedral angles are determined by the limit of the 6-tuples. See also 
EDCE1- There are plenty of supporting evidences to Conjecture o In we numerically calculate TV r (M) 
for the Figure-eight knot complement and its sister, for the knot 52 complement and the manifolds M :i( . and M :i& 
in Callahan-Hildebrand-Weeks’ census 0. Recall that M : > u is the complement of a 12-crossings knot and has the 
same volume as the knot 52 complement. We also numerically calculate TV r (M) for the knot 6i complement, for 
the non-orientable cusped 3-manifolds Ni 1 and A^, in Callahan-Hildebrand-Weeks’ census, and for the smallest 
hyperbolic 3-manifolds with a totally geodesic boundary 03 [34). The results turn out to be very promising. 

The invariants described above can further be defined as invariants for closed pseudo-3-manifolds and, in the 
case that the underling space of the pseudo-manifold is a closed 3-manifold, differ from the original Turaev-Viro 
invariant by a constant depending on and growing polynomially in r. Based on this and Conjecture |l.l[ we propose 
the following volume conjecture for the original Turaev-Viro invariants ||52) for closed 3-manifolds. 

Conjecture 1.2. Let M be a closed hyperbolic 3-manifold, let TV r (M] q) be its Turaev-Viro invariant and let 

„ . . . 2tt 

Vol(M) be its hyperbolic volume. Then for r running over all odd integers and for q = e r , 

2n 

lim -- log ( TVJM ; q)) = VMM). 

r —>+oo r — 2 ' 

Evidences to Conjee ture |1.2| are provided in ^5] The calculation is based on a relationship between the Turaev- 
Viro invariants and the Reshetikhin-Turaev-Lickorish invariants ES M ED S3- Recall that the Reshetikhin- 
Turaev invariants {r r (M; q)} are complex valued invariants of oriented closed 3-manifolds, defined for all integers 
r ^ 3 and for all the primitive roots of unity q of degree 2r using representation theory of quantum groups. For 
q = e . these invariants provided a mathematical construction of the 3-manifold invariants introduced by 
Witten l53l using quantum field theory with Chern-Simons action. In lf29l l30l [3T1 . Lickorish defined Reshetikhin- 
Turaev invariants using skein theory and extended r r (M; q) for odd r to the primitive roots of unit q of degree r. 
In particular, when r is odd, r r (M: q) was defined at q = e . Numerically calculating r r (M; q) for closed 
3-manifolds obtained from S 3 by doing certain integral Dehn-surgeries along the Figure-eight knot and the 52 knot 
in ^5] we propose the following 

Conjecture 1.3. Let M be a closed oriented hyperbolic 3-manifold and let T r (M ; q) be its Reshetikhin-Turaev- 

2tt V^T 

Lickorish invariants. Then for r running over all odd integers and q = e r , and with a suitable choice of the 
arguments, 

4 7r 

lim -- log (tJM- q)) =Vd(M) + y/-[CS(M) (mod y^ln 2 Z), 

r —>+oo r — 2 

where CS(M) is the usual Chern-Simons invariants of M multiplied by 2i r 2 . 
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Conjecture 1.3 is quite unexpected since it is previously widely believed that only the value of r r (M; q) at 
q = e is pivotal and the values at the other roots of unity can be obtained from the former by certain Galois 
transformations. Compared with Witten’s Asymptotic Expansion Conjecture (cf. ED), we can see that values of 
r r (M; q) at other roots of unity, in particular at q = e ? , have a rather different asymptotic behavior, and we 

expect a geometric and physical interpretation of this new phenomenon. 

One of the significances of Kashaev-Murakami-Murakami Volume Conjecture is that it relates the quantum 
invariants and the hyperbolic geometry. In particular, it provides a possible method to calculate the hyperbolic 
volume. The traditional method of calculating the volume is either to solve Thurston’s hyperbolic gluing equa¬ 
tions and apply the dilogarithm functions (48), or to solve Casson’s angle structure equations and apply the volume 
optimization process 0 . Both of these approaches work for cusped hyperbolic 3-manifolds only. In (32), Luo 
generalized Casson’s program to hyperbolic 3-manifolds with totally geodesic boundary. However, all these meth¬ 
ods heavily rely on the ideal triangulations. For a bad choice of the triangulation, the solutions to both systems of 
equations may not exist. Assuming the Volume Conjecture, the simplicial volume of a knot or link complement 
could be calculated as the growth rate of values of the colored Jones polynomials. However, this method will 
only work for knot or link complements in S 3 . In HJ[2)[3]|4], Kashaev’s invariants were generalized by Baseilhac- 
Benedetti to link complements in any closed 3-manifolds, and hence could potentially be used to calculate the 
volume there. If Conjectures 1 1.1 [ [L2] and [173] are proved true, then they will provide a new approach to calculate 
the hyperbolic and the complex volume, i.e., as the growth rates of TV r (M) and r r (M). This method will work 
for all compact 3-manifolds either with or without boundary, and will work for any triangulations. Numerical 
evidences also suggest that, for the knot and link complements, it is more efficient than using the colored Jones 
polynomials. For non-hyperbolic 3-manifolds that are closed or with torus boundary, the above conjectures can be 
asked for the convergence to and be used to calculate the simplicial volumes as the Kashaev-Murakami-Murakami 
Volume Conjecture. 

In ^ 6 j we calculate TV r (M) for the complements of the unknot U, the Hopf link, the Trefoil knot and the torus 
links T (2,4) andT( 2j 6)-In particular, we show that TV r ( S' 3 \[/) = lforallr ^ 3 and for all possible roots of unity q 
(Proposition |6.1| , and we conjecture that the family {TV r (M)} detects the unknot (Conjecture |6.2| . Numerically, 
we also calculate TV r (M) for the torus knots T( 2 > 5 ), T( 2 j 7 ), T( 2 , 9 ), Tqi.u)-, ^( 3 , 5 ) and ^( 3 , 7 ) complements. All the 
calculations above suggest the following integrality conjecture. 


Conjecture 1.4. Let X( m ,n) be the ( m,n)-torus link in S 3 , and suppose m < n. If r is coprime to n, then 
TV r (S 3 \ T( m „)) is an integer independent of the choice of the roots of unity q. 

The unexpected emergence of integers in Conjee ture | 1 ,4| suggests that there might be some nontrivial identities 
for the quantum 6 j-symbols behind, and we hope this phenomenon will shed lights to the representation theory 
of quantum groups. In ^7] we compare the asymptotic behavior of TV r (M) for a link complement to that of the 
values of the corresponding colored Jones polynomials, and propose some questions for the further studies. 
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Maryam Mirzakhani for suggestions. 
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2 Preliminaries 

2.1 Ideal triangulations 

Ideal triangulations of a 3-manifold with boundary were first introduced by Thurston in l48l and used to find the 
hyperbolic structure on the Figure-eight knot complement. After Thurston, ideal triangulations became a main tool 
of doing various calculations on 3-manifolds. In our construction, the use of ideal triangulations is also one of the 
key ingredients. 
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Let M be a compact 3-manifold with non-empty boundary. An ideal triangulation T of M consists of a disjoint 
union X = |J A, of finitely many oriented truncated Euclidean tetrahedra A, and a collection of orientation 
reversing homeomorphisms $ between pairs of hexagonal faces in X. The quotient space X/<f> is a compact 3- 
manifold M with a triangulation T where the boundary of M is the quotient of the triangular faces in X. An edge 
of a truncated Euclidean tetrahedra is the intersection of two hexagonal faces. The edges in T are the quotients 
of the edges in X , the faces in T are the quotient of the hexagonal faces in X , and the tetrahedra in T are the 
quotients of the truncated Euclidean tetrahedra in X. In 11361137 1 1441, it is proved that any two ideal triangulations 
of M are related by a sequence of 0 — 2 and 2 — 3 Pachner moves. See the figure below. 

0-2 move 2-3 move 




2.2 Quantum 6 j -symbols 

The other key ingredient in our construction is the quantum (//-symbols associated with the quantized universal 
enveloping algebra f/ g (s/ 2 (C)) developed in |28l . In this subsection, we will recall the definition and some basic 
properties we need, and we refer to 11281 1271 for more details about the quantum 6j-symbols. 

Through out this subsection, we will fix an integer r ^ 3, and let I r = {0,1/2,..., (r — 2)/2} be the set of 
half-integers less than or equal to (r — 2)/2. Let q be a root of unity of degree 2 r such that q 2 is a primitive root of 
unity of degree r. For an integer n, the quantum number \n] is the real number defined by 


n] = 



In particular, when q = 


sin(nkir/r) 

sm(kn/r) 


The quantum factorial is defined by [n]! = [n][n — 1] ... [1], and as a convention, [0]! = 1. 

Remark 2.1. The quantum number we use in this paper is different from some of the other literatures where in 

their notation [n] = ( q n / 2 — q~ n ! 2 ) /(g 1 / 2 — q~ 1 ^ 2 ). 

A triple (i, j , k) of elements of I r is called admissible if (i) i + j f k. j + k f i and k + i f j, (2) i + j + k 

is an integer, and (3) i + j + k ^ r — 2. For an admissible triple (i, j, k), define 


A (i,j, k) 


[i + j — k ]! [j + k — i ]! [k + i — j]! 


[i+j + k + 1]! 


As a convention here, we let \/x = \/—x\/ -1 for a negative real number x. 

Quantum 6j-symbols. Let ( i,j, k, l, m, n) be a 6 -tuple of elements of I r such that the triples ( i,j, k), (j , l, n), 
{i, m, n) and (fc, l, m) are admissible. Let Tj = i + j + k, T 2 = j + l + n, T 3 = * + m + n and T 4 = k + l + to, 
and let Qi = i + j + l + m, Q 2 = i + k + l + n and Q 3 = j + k + m + n. Then the quantum 6 j-symbol for the 
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6-tuple ( i,j , k. I, m, n ) is defined by 


i j k 
l to n 


= \/-~T A(«, j, k)A(j, l, n) A(i, to, n)A(fc, l, to) 

min{Qi,Q 2 ,<33} 


E 


(-!)*[* + !]! 


/c—max{Ti ,T2 ,T3 5X4} 


[ 2 - Ti]![z - T 2 ]\[z - T 3 ]![« - T 4 ]![Q! - z]\[Q 2 - z]\[Q 3 - z]V 


A good way to memorize this definition is to use a tetrahedron. As in the figure below, each 1\ corresponds to a 
face of the tetrahedron, and each Qj corresponds to a quadrilateral in the tetrahedron. 



From the definition, it is easy to see that 


i j k 


j i k 


i k j 


i m n 


l to k 


l j n 

l to n 


to l n 


l n to 


i j k 


i j n 


i to k 


The quantum 6 ;-symbols satisfy the follow two important identities, which are the key properties for defining 
our invariants. For i £ I r , define 

Wi = (-l) 2i [2i + l]. 


Orthogonality. For any i, j , k,l,m,n £ I r such that (i,j, to), (i, j, n), (. k,l , to) and (k, l,n) are admissible (see 
the figure below), we have 


E 


W s W m 


i 

j m 

i 

j n 

k 

l s 

k 

l s 


= 6 


mn 5 


( 2 . 1 ) 


where S is the Kronecker symbol, and the sum is over s £ I r such that the 6-tuples involved in the sum are 
admissible. 



Biedenharn-Elliot identity. For any i,j,k,l,m,n,o,p,q £ I r such that (■ o,p,q,i,j,k ) and (o,p,q,l,m,n) are 

admissible (see the figure below), we have 


i j q 

j k 0 

kip 


o P q 

o p q 

TO l S 

n m s 

l n s 


i j k 

l to n 



( 2 . 2 ) 
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where the sum is over s £ I r such that the 6-tuple involved in the sum are admissible. 



3 Turaev-Viro type invariants on ideal triangulations 


In this section, we describe the Turaev-Viro type invariants TV r (M) of a 3-manifold M with non-empty boundary, 
using ideal triangulations of M. Note that we do not put any constrains on the orientability nor on the type of the 
boundary components of M, they could be either tori or high genus surfaces. For orientated 3-manifolds with 
boundary, {TV r (M)} coincide with the ones defined in 0. 

For r Js 3 let I r = {0,1/2,1,..., r — 2/2}. A coloring of a Euclidean tetrahedron A is an assignment of 
elements of I r to the edges of A, and is admissible if the triple assigned to the three edges of each face of A 
is admissible. Let T be an ideal triangulation of M. A coloring at level r of the ideally triangulated 3-manifold 
(M, T) is an assignment of elements of I r to the edges of T, and is admissible if the 6-tuple assigned to the edges 
of each tetrahedron of T is admissible. 

Let q be a root of unity of degree 2 r such that q 2 is a primitive root of unity of degree r, and for any integer n, 
let [n] be the quantum number defined in §2.2 Let c be an admissible coloring of (M, T) at level r. For each edge 
e of T, we let 

Me w c(e) ■ 


For each tetrahedra A in T with vertices v\ 
Vj, {i,j} C {1,.. .,4}, and let 

|A|c 


,..., t’4, we denote by e, ; the edge of A connecting the vertices v, and 

c(ei 2 ) c(ei 3 ) c(e 23 ) 
c(e 3 4 ) c(e 2 4) c(ei 4 ) 


Definition 3.1. Let A r (M, T) be the set of admissible colorings of(M , T) at level r, and let E and T respectively 
be the sets of edges and tetrahedra in T■ Define 


TV r (M 1 T)= J2 nHJIlAlc 

c£A r (M,T) eeE Ae T 


Theorem 3.2. For each r and q as above, TV r ( M , T) is a real number independent of the choice ofT, i.e., defines 
an invariant of M. 

In the rest of the paper, we will omit the triangulation T, and denote the invariant by TV r (M ), and by 
TV r (M ; q) if the root of unity q needs to be specified. 

Proof of Theorem [i. 2| From the definition, there are two possibilities for a quantum 6j-symbol of the 6-tuple 
(■ i,j , k, l, m , n) to be a non-real complex number. One is from the square root in A (i,j, k), A (j, l, n), A (i, to, n) 
and A(A;, /, to), and the other is from the coefficient s/—l ~ ‘ J " . Since each triangle of T is adjacent 

to two tetrahedra, the square roots in A (i,j, k )’s show up in pairs in TV r (M), which together give rise to a real 
number. To the coefficient y/—l 2t ' l+ l +k+l+m+n ' 1 ^ qjg triangle of T with a coloring (■ i,j,k ), say, contributes a 
factor v/—1 . Together with the same factor from the other tetrahedral adjacent to it, this triangle colored 

by (i,j,k) gives rise to a factor (—1) C*+J+ fc ) to the summand of TV r (M). Since the coloring is admissible, 
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i+j + k is an integer, and hence (— 1 j (*+f+ fc ) = ±1 is a real number. Therefore, each summand in the definition 
of TV r (M) is real, which implies that TV r (M) is real. 

By ||36l l37t , 441, to show that TV r (M) is independent of the choice of the ideal triangulation, it suffices to 
prove that TV r (M) is invariant under the 0 — 2 and 2 — 3 Pachner moves. For the former case, we suppose that T' 
is an ideal triangulation of M obtained from an ideal triangulation T by doing a 0 — 2 Pachner move. Let E and T 
respectively be the sets of edges and tetrahedral of T, and let E' and T' be the sets of edges and tetrahedra of T' ■ 
Suppose ei is the edge of T where the 0 — 2 move is performed, and e?, £ E' and A', A' 2 £ T' are respectively 

the new edges and tetrahedra in T'■ Then E' \ {e 2 . 63 } = E and T' \ {A' 1; A 2 } = T. See the figure below. 




We have 

Tv r (M,r)= e n i«ic n i a i c 

ceA r (M,T') e€E' AeT' 

= e n w* n iA| c (EM s iAiic, s |A'i c>s ) 

cGA r (M,T') eSJ5'\{e 2 } AgT'\{A;,A i,} s 

= E II No II |A|c(E l e 2 Is|er | c | A^ | C;S | A2 |c,s) ! 

ceA T (M,T)eeE'\{e i,e 2 } AGT'\{Ai,A^} s 


(3.1) 


where the second sum is over all s £ I r such that the triples involved are admissible, \e 2 \s = , and A' and 

|A' 2 | C;S are respectively the quantum 6 y-symbols of the 6 -tuples assigned by the colorings c and s to the edges of 
A', and A' 2 . By the Orthogonality (|T), the last term of equation •ED equals 

e ^wes) n i e i c n i A i-= e nNcniAu 

cE:A r (M,T') eGE'\{ e i.e2} AGT'\{Ai,A^} c£A r (M,T) e£E AgT 


which by definition equals TV r (M, T). 

For the latter case, we suppose that T' is an ideal triangulation of M obtained from an ideal triangulation T 
by doing a 2 — 3 Pachner move. Let E and T respectively be the sets of edges and tetrahedral of T, and let E' 
and T' be the sets of edges and tetrahedra of T'■ Suppose Ai U A 2 is where the 2 — 3 move is performed, and 
e\ £ E' and A' 1; A 2 , A 3 £ T' are respectively the new edge and tetrahedral in T'■ Then E' \ {ei} = E and 
T' \ {A' 1; A 2 , A 3 } =T \ {Ai, A 2 }. See the figure below. 
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By the Biedenharn-Elliot identity \2.2) , we have 

TV r {M,T')= Y, n l^lc n |A|e 

c£A r (M,T') e£E' Ag T> 

= e n wc n iA| c (^i ei | s |A;i c , 5 |A'| CiS |A'| c , s ) 

cGA r (M,T') eG-E'\{ei} AGT'\{Aj,A^,A£} 

= E II Nc II lAlclAiUlAalc 

c£A r (M,T') e£E'\{ei} AgT'\{A' ,A',A' } 

= e n i e i c n 

c€A r (M,T) eG E AgT 

which by definition equals TV r (M, T) . □ 

4 Volume conjecture for 3-manifold with boundary 

In this section, we provide numerical evidences for Conjecture [ITT] To simplify the notation, we will for each odd 
integer r ^ 3 let 

QV r (M) = ^log ( TV r (M-e ^)). 

When M is the complement of a link T in S' 3 , we will let 

TV r (L) = TV r (S 3 \ L), 

and let 

QV r {L)=QV r (S 3 \L). 

4.1 Figure-eight knot complement and its sister 

The Figure-eight knot complement S 3 \ K 4l has the following well known ideal triangulation, 




from which Thurston fl48l constructed the hyperbolic structure on S 3 \ K 4 , and calculated that 

Vol(S 3 \K 4l ) « 2.02988. 


In the figure above, edges with the same color (red or blue) are glued together and form an edge of the ideal 
triangulation. By Definition [XT] for r ^ 3, we have 


TV r (h\) 


E 

{a,b)^A r 



a 

a 

b 

a 

a 

b 

w a w b 

b 

b 

a 

b 

b 

a 


where A r consists of the pairs (a, b) of elements of I r such that (a, a, b) and (6, 6, a) are admissible, i.e., 2a—b ^ 0, 
2b — a ^ 0, 2a + b ^ r — 2, 26 + a^r — 2 and 2 a + b and 2b + a are integers. From this formula ,we have the 
following table of values of QV r (K 4l ). Recall that we let QV r (M) = log ( TV r (M;e ^“)). 
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r 

11 

13 

15 

17 

19 

21 

23 

25 

31 

QVr(K 4l ) 

2.40661 

2.37755 

2.34826 

2.31907 

2.29953 

2.28227 

2.26834 

2.25634 

2.22824 

r 

41 

51 

61 

71 

81 

91 

101 

111 

121 

QV r {K 4l ) 

2.19685 

2.17540 

2.15953 

2.14721 

2.13731 

2.12915 

2.12230 

2.11643 

2.11136 

r 

131 

141 

151 

201 

301 

401 

501 

701 

1001 

QV r {K 4l ) 

2.10692 

2.10299 

2.09949 

2.08641 

2.07168 

2.06344 

2.05810 

2.05153 

2.04614 


Figure [TJbelow is a comparison with the corresponding values of the Kashaev invariants ( K \,} r . in which the 
red dots present the points (r, QV r (K 4l )), the blue dots represent the points (r, — In 1(1^) r |), the green dots 
represent the points (r, V ol{S 3 \ K 4l )). 



Figure 1: Comparison of different convergence modes for I\ 4l 

The manifold M ? 2 in Callahan-Hildebrand-Weeks census 0, also known as the Figure-eight sister, shares the 
same volume with the Figure-eight knot complement, i.e. 

Vol(M 22 ) = Vol(S 3 \ I< 4l ) « 2.02988. 

It is also known that M 22 is not the complement of any knot in S 3 . According to Regina J6j, M 22 has the following 
ideal triangulation. 




Since for each tetrahedron in this triangulation, the coloring is the same as that of the one in the above ideal 
triangulation of S 3 \ K 4l , TV r {M 22 ) has exactly the same formula as TV r (K 4l ), hence shares the same values. 
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4.2 Knot 5 2 complement and its sisters 

According to SnapPy m and Regina 0, the knot 52 complement has volume 


VoI(S 3 \I < 52 ) « 2.82812, 


and has the following ideal triangulation. 



Since only the colors of the edges (which edges are identified to form an edge in the triangulation) matters in the 
calculation of TV r (M), we omit the arrows on the edges. By Definition 3.1 for r ^ 3, we have 


TVr(K Ba ) = J2 

(a,b,c)£A r 



a 

a b 

a 

a b 

a 

b c 

w a w b w c 

b 

c c 

b 

c c 

b 

b c 


where A r consists of triples (a, b , c) of elements of I r such that (a, a, b ), (6, &, c), (c, c, a) and (a, b, c) are admis¬ 
sible. From this ,we have the following table of values of Q V r ( K $ 2 ). 


r 

7 

9 

11 

21 

31 

41 

51 

61 

QV r (K 52 ) 

3.38531 

3.32394 

3.25282 

3.09588 

3.03657 

3.00236 

2.97925 

2.96232 

r 

71 

81 

91 

101 

121 

151 

201 

301 

QV r (K 52 ) 

2.94927 

2.93883 

2.93027 

2.92309 

2.91169 

2.89937 

2.88586 

2.87071 


Figure |2]below is a comparison with the corresponding values of the Kashaev invariants (/f-, 2 ) r , in which the 
red dots present the points (r, QV r (K 52 )), the blue dots represent the points (r, — In | (A"5 2 ) r |), and the green dots 
represent the points (r, Vol(S 3 \ K$ 2 )). 

The manifold M : >,, in Callahan-Hildebrand-Weeks census 0, which is also known that A/3,, is the complement 
of the following knot with 12 crossings. 



has the same volume as S 3 \ K$ 2 , i.e., 

VoI(M 3b ) = Vol(S 3 \ K 52 ) « 2.82812. 

According to Regina, M 3e has an ideal triangulation as shown in the figure below. By the same reason, we still 
omit the arrows on the edges and keep the colors only. 
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Figure 2: Comparison of different convergence modes for K- 12 



Then for r ^ 3, we have 


TV r (M 3 J 


E 

( a,b,c)(zA r 


W a W b W c 


a a b 
b c c 


a a b 
b c c 


a b c 
a a c 


where A r consists of triples (a, b , c) of elements of I r such that (a, a, 6), (6,6, c), (c, c, a), (a, 6, c) and (a, a, c) are 
admissible. Below is a table of values QV r (K§ 2 ) and QV r {M^ 6 ) : from which we see that the values of QV r {I\^ 2 ) 
and QV r (M 3 e ) are distinct, but are getting closer and closer as r grows, and both of them converge to 2.82812. 


r 

9 

11 

21 

QV r (K 52 ) 

3.3239396087031623282 

3.2528240712684816477 

3.0958786489268195966 

QV r (M 3 6 ) 

3.2936286562299185780 

3.2291939333749922011 

3.0954357480831343159 

r 

31 

51 

101 

QV r (K 52 ) 

3.0365668215995635907 

2.9792536251826401549 

2.9230944207585713174 

QV r (M 36 ) 

3.0365081953458580040 

2.9792532229139281449 

2.9230944207610719723 
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The manifold M :iti in Callahan-Hildebrand-Weeks census |8l also has the same volume as S 3 \ K$ 2 , and 
according to Regina has an ideal triangulation having the same colors as that of S 3 \ K- 12 . Therefore, Q V r (M 3g ) 
and QV r (K 52 ) coincide for all r ^ 3. It is also known that M 3s is not the complement of any knot in S 3 . 

4.3 Knot 61 complement 

According to SnapPy ED and Regina [(6), the knot 6i complement has volume 

Vol(S 3 \K 6l ) « 3.163963, 

and has the following ideal triangulation. 



Since only the colors of the edges (which edges are identified to form an edge in the triangulation) matters in the 


calculation of TV r (M), we omit the arrows on the edges. By Definition 3.1 for r ^ 3, we have 


TV r (K 6l ) = ^2 w a w b w c w d 

( a,b,c,d)£A r 


a a b 

a c c 

b b c 

b b c 

a d b 

b b d 

a c d 

b d c 


where A r consists of triples (a, b, c, d) of elements of I r such that all the triples involved are admissible. From 
this, we have the following table of values of QV^K^). 


r 

5 

7 

9 

11 

21 

31 

41 

51 

QV r (K 6l ) 

3.83348 

3.63472 

3.46573 

3.39987 

3.34732 

3.31699 

3.29688 

3.28214 

r 

61 

71 

81 

91 

101 

121 

151 

201 

QV r (K 6l ) 

3.27076 

3.26165 

3.25417 

3.24790 

3.24255 

3.23390 

3.22431 

3.21353 


Figure [2] below is a comparison with the corresponding values of the Kashev invariants (K 6l ) r , in which the 
red dots present the points (r, QV r (Ke 1 )), the blue dots represent the points (r, — In | (Ke^r |), and the green dots 
represent the points (r, Vol(S 3 \ AV, ))■ 


4.4 Some non-orientable cusped 3-manifolds 

4.4.1 Gieseking manifold 


Gieseking manifold is the smallest non-orientable cusped 3-manifold, which is the manifold Ni x in Callahan- 
Hildebrand-Weeks census 0. Therefore, it has an ideal triangulation with a single tetrahedron, and a Euler char¬ 
acteristic calculation shows that there is only one edge. According to SnapPy fl6l and Regina (6|, the Gieseking 
manifold has volume 

Vol(N u ) « 1.014942. 

By Definition [371] for r ^ 3, we have 


TV r (N u )= £ 


Q^.A.'p 


a a a 
a a a 
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4.9 


4.7 

4.5 



Figure 3: Comparison of different convergence modes for Kq x 


where A r consist of integers a such that 0 ^ a ^ (r — 2)/3. From this, we have the following table of values of 
QV(N U ). 


r 

7 

9 

11 

21 

31 

41 

51 

61 

QV r (N U ) 

1.81736 

1.66782 

1.62276 

1.43255 

1.33012 

1.27064 

1.23174 

1.20411 

r 

71 

81 

91 

101 

201 

301 

401 

501 

QV r {N u ) 

1.18335 

1.16711 

1.15401 

1.14319 

1.08943 

1.06872 

1.05748 

1.05035 


4.4.2 Manifold N 2l 

According to SnapPy ED and Regina |5), the manifold N 2l in Callahan-Hildebrand-Weeks census f8| has volume 

Vol(N 2l ) ~ 1.831931, 


and has the following ideal triangulation. 




By Definition 3.1 for r ^ 3, we have 


TV r (N 2l ) 


E 

(a,b)G A r 


a 

b 

b 

a 

b 

b 

a 

b 

b 

a 

b 

b 
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where A r consist of the pairs (a, b) £ I r x I r such that (a, 6, b) is addmissible. From this, we have the following 
table of values of QV{N 2l ). 


r 

5 

7 

9 

11 

21 

31 

41 

51 

QV r (N 2l ) 

2.90345 

2.54929 

2.46119 

2.42036 

2.20099 

2.11235 

2.06163 

2.02810 

r 

61 

71 

81 

91 

101 

121 

151 

201 

QV r (N 2l ) 

2.00403 

1.98578 

1.97140 

1.95974 

1.95006 

1.93489 

1.91876 

1.90140 


4.5 Smallest hyperbolic 3-manifolds with totally geodesic boundary 

By (34), each hyperbolic 3-manifold A/ rnm with non-empty totally geodesic boundary that has the minimum volume 
admits a tetrahedral decomposition by two regular truncated hyperideal tetrahedra of dihedral angles 7 t/ 6, and 
hence has volume 

Vol(M min ) « 6.452. 

Such minimum are not unique and are classified in 03). In particular, the boundary of each M min is a connected 
surface of genus 2, and an Euler number calculation shows that each ideal triangulation of A/ mnl with two tetrahedra 
mush have only one edge. See the figure below. 




Therefore, for r ^ 3, 


TV r (M) = 


E 

4.7- 


a 

a 

a 

a 

a 

a 

a 

a 

a 

a 

a 

a 


where A r consists of a £ I r such that (a, a, a) is admissible, i.e., a is an integer with a ^ |_( r — 2)/3j. Here |_ J is 
the floor function that [ccj equals the greatest integer that is less than or equal to x. Here for some r, it happens that 
TV r {M mm ) is negative. Since we require the argument to be in [0, 27 t) in the logarithm function, the imaginary 
part of QV r (M m i n ) is always either 0 or 2n 2 /(r — 2), which converges to 0. Therefore, to test the convergence of 
QV r (M m i n ), we can forget the imaginary parts and consider only the real parts. The table below contains some 
values of the real parts of QV r (M min ). 


r 

11 

21 

31 

41 

51 

61 

71 

81 

mQVr(M min )) 

4.39782 

5.12434 

5.44590 

5.63235 

5.75566 

5.84395 

5.91063 

5.96297 

r 

91 

101 

201 

301 

401 

501 

1001 

2001 

3?(QK(M min )) 

6.00526 

6.04022 

6.21400 

6.28075 

6.31684 

6.33970 

6.38935 

6.41741 


Figure |4] below illustrates the asymptotic behavior of Q V r ( A/ mln ), where the red dots present the points 
(r, QV r (M m ;„)) and the green dots represent the points (r, Vol(M m ; n )). 
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6.5 
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QV r (M mi J=-;in|TV r (M min ;e 

r-2 

Vol(M min )=6.452 


a 5 uqi an 301 401 sen 


Figure 4: Asymptotics of QV r (M m i n ) 


5 Volume conjecture for closed 3-manifolds 

In this section, we provide numerical evidences for Conjectures |1.2| and |1.3| by calculating the Reshetikhin-Turaev- 
Lickorish invariants B3H46l[3Tl of some oriented closed 3-manifolds. Recall that each oriented closed 3-manifold 
can be obtained from S 3 by doing an integral Dehn-surgery along a link. According to 113 1 II . if M is the 3-manifold 
obtained from S 3 by doing a p-surgery with p / 0 along a knot K C S'-', then for r ^ 3 odd, the Reshetikhin- 
Turaev-Lickorish invariants r r (M; q) of M at q = e can be calculated by the following formula 


T r (M; q) 



3 -r 
4 


)tt^1 



2 (n + l)7r 
r 


2 


\-p(n 2 +2n) 


J71 +1 : & 



(5.1) 


where J n (K ; e 'r ) is the value of the n-th colored lones polynomial of K with 0-framing at e *• , normalized 

in the way that J n (unknot) = 1. 

Remark 5.1. Due to the convention difference of the quantum numbers [n] we used here than that in some of the 
other literatures where [?r] = (g™/ 2 — q~ n / 2 )/( q x / 2 — g _1//2 ), the value J n (K\e ) we are going to calculate 

47 t 

in the rest of the paper equals the value of the colored Jones polynomial at the root e * in their notation. 



with framing p, 


Mk, = E ( 

n—0 


sin 


2(n+l)7r 


sin — 


\^( p(n 2 +2n) t /tv- 1 . 

J (-e r ) ; J n+ i(A;e - ). 


Multiplying the above terms together, one gets formula (5.11. 

To find the limit of the growth rates of r r (M; q), it is equivalent to calculate the limit as r approaches infinity 
of the following quantity 


Q r (Af) = 2 tt log (r r (M;e ^~)/r r _ 2 (M; e 
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5.1 Surgeries along Figure-eight knot 

By (cf. {38]), the Figure-eight knot has the n-th colored Jones polynomial 

n—1 k 

UK^q) = £ - q~ n+l )(q n+i - <T n " 4 ). (5.2) 

k—0 i=l 

In this subsection, we denote by M p the manifold obtained from S 3 by doing a />surgery along the K\ ,, and recall 
that M p is hyperbolic when \p\ > 4. In the tables below, we list Q r {M p ) for p = — 6 , —5, 5, 6 , 7 and 8 and for 
r = 51,101,151,201,301 and 501. 


5.1.1 p=-6 

According to SnapPy mu. 


Vol(M _ 6 ) + CS(M_ 6 )y/M = 1.28449 - 1.34092V 3 ! (mod V 3 !^ 2 Z), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r {M_ e ) modulo \^1tt 2 Z. 


r 

51 

101 

151 

Qr{M- 6 ) 

1.22717- 1.34241V 3 ! 

1.28425 - 1.32879V 3 ! 

1.28440- 1.33549V 3 ! 

r 

201 

301 

501 

Qr(M- S ) 

1.28443 — 1.33786V 3 ! 

1.28446 - 1.33956V 3 ! 

1.28448- 1.34043V 3 ! 


5.1.2 p=-5 


According to SnapPy, 


Vol(M_ 5 ) + CS{M_ 5 )V 3 ! = 0.98137 - 1.52067V 3 ! (mod VMn 2 Z), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r {M_ 5 ) modulo \/—l 7 r 2 Z. 


r 

51 

101 

151 

Qr{M~ 5 ) 

0.87410- 1.50445V 3 ! 

0.98003 - 1.51521V 3 ! 

0.98130 - 1.51712V 3 ! 

r 

201 

301 

501 

Qr(M- 5 ) 

0.98131 - 1.51865V 3 ! 

0.98134- 1.51977V 3 ! 

0.98136 - 1.52035V 3 ! 


5.1.3 p=5 


According to SnapPy, 


Vol{M 5 ) + CS(M b )y/M = 0.98137 + 1.52067V 3 ! {mod s/Mtt 2 Z), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r {M 5 ) modulo ^/Mtt 2 Z. 


r 

51 

101 

151 

Qr{M 5 ) 

0.87410 + 1.40967V 3 ! 

0.98003 + 1.49152V 3 ! 

0.98130 + 1.50659V 3 ! 

r 

201 

301 

501 

Q r (M 5 ) 

0.98131 + 1.51273V 3 ! 

0.98134 + 1.51714V 3 ! 

0.98136 + 1.51940V 3 ! 
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5.1.4 p=6 

According to SnapPy, 


Vol(M e ) + CS(M 6 )V^1 = 1.28449 + 1.34092V 3 ! ( mod V 3 !^), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r (M e ) modulo 


r 

51 

101 

151 

Qr(M 6 ) 

1.22717+ 1.24762V 3 ! 

1.28425 + 1.30510V 3 ! 

1.28440 +1.32496V 3 ! 

r 

201 

301 

501 

Qr(M 6 ) 

1.28443 + 1.33194V 3 ! 

1.28446 + 1.33693V 3 ! 

1.28448 +1.33948V 3 ! 


5.1.5 p=7 

According to SnapPy, 


Vol{M r ) + CS{M 7 )V^ I = 1.46378 + 1.19653V 3 ! (mod V 3 !^), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r (M 7 ) modulo \/—l7r 2 Z. 


r 

51 

101 

151 

Qr{M-j) 

1.43670 + 1.00605V 3 ! 

1.46354 + 1.15647V 3 ! 

1.46367 + 1.17877V 3 ! 

r 

201 

301 

501 

Qr{M 7 ) 

1.46372 + 1.18654V 3 ! 

1.46375 + 1.19209V 3 ! 

1.46377 +1.19493V 3 ! 


5.1.6 p=8 

According to SnapPy, 


Vol(M s ) + CS(M 8 )V^1 = 1.58317 + 1.07850V 3 ! ( mod V 3 !^), 


and by (5.1 1 and (5.2 1 , we have the following table of Q r (M 8 ) modulo \/—l7r 2 Z. 


r 

51 

101 

151 

Qr(Ms) 

1.57167 +0.86833V 3 ! 

1.58282 + 1.03452V 3 ! 

1.58304 + 1.05896V 3 ! 

r 

201 

301 

501 

Qr(Mg) 

1.58309 + 1.06751V 3 ! 

1.58313 + 1.07362V 3 ! 

1.58315 + 1.07674V 3 ! 


5.2 Surgeries along knot 5 2 

By |[35l . the knot K- : i has the n-th colored Jones polynomial 

n— 1 k 

Jn(K 52 ,q ) = £ n(<? n_Z - 9” n+l )(9 n+i - d””" 4 ), 

/c—0 i=l 


(5.3) 
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where 


Ck = (-1 ) q 


k 

^ ^ qi 2 —2i—3ki 
i =0 


m 

[*]! [k — i ]!' 


For simplicity, we denote by M p the manifold obtained from S 3 by doing a p-surgerv along the K - 12 , and recall 
that M p is hyperbolic when p ^ 0,1, 2,3 or 4. In the tables below, we list Q r (M p ) for p = —3, —2, —1, 5 ,6 and 7 
and for r = 51, 75,101,125,151 and 201. 


5.2.1 p=-3 

According to SnapPy E), 


Vol(M _ 3 ) + CS(M_ 3 )y/M = 2.10310 - 4.451327 Z T (mod VMtt 2 Z), 


and by (5.1 1 and (5.3 i, we have the following table of Q r (M- 3 ) modulo 7—l 7 r 2 Z. 


r 

51 

75 

101 

Qr(M~ 3 ) 

2.10038-4.379517^1 

2.10200-4.418197^1 

2.10247-4.433237^1 

r 

125 

151 

201 

Qr(M_ 3 ) 

2.10268-4.439577^1 

2.10281 - 4.443297^1 

2.10293-4.446817^1 


5.2.2 p=-2 

According to SnapPy na. 


Vol(M _ 2 ) + CS'(M_ 2 )-v / —1 = 1.84359 - 4.638847 z l (mod y/Mn 2 Z), 


and by (5.1 1 and (5.3 1 , we have the following table of Q r (M _ 2 ) modulo 7— l 7 r 2 Z. 


r 

51 

75 

101 

Qr(M 2 ) 

1.84822 — 4.590737—1 

1.84289 - 4.613577—1 

1.84317 — 4.624907—1 

r 

125 

151 

201 

Qr(M- 2 ) 

1.84331 - 4.629787^1 

1.84339 - 4.632657—T 

1.84348 — 4.635367—1 


5.2.3 p=-l 

According to SnapPy OH, 


Vol(M_i) + 1 = 1.39851 - 4.86783T Z 1 (mod y/^lir 2 Z), 


and by (5.1 1 and (5.3 1 , we have the following table of Q r (M_ 1 ) modulo 7—l 7 r 2 Z. 


r 

51 

75 

101 

Q r (M 1 ) 

1.40943 — 4.848657—T 

1.39808 - 4.850457—T 

1.39817 — 4.858177—T 

r 

125 

151 

201 

Qr(M~ 1 ) 

1.39827 — 4.861577—1 

1.39834 - 4.863557—1 

1.39841 - 4.865427—1 
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5.2.4 p=5 

According to SnapPy Da, 


Vol{M 5 ) + CS(M 5 )V=i = 0.98137 - 1.52067V 3 ! ( mod V 3 !^), 


and by (5.11 and (5.3 i, we have the following table of Q r (M 5 ) modulo 


r 

51 

75 

101 

Qr(M 5 ) 

0.87410 - 1.59924V 3 ! 

0.96890 - 1.53226V 3 ! 

0.98003 - 1.53890V 3 ! 

r 

125 

151 

201 

Qr(M 5 ) 

0.98098 - 1.53079V 3 ! 

0.98130 - 1.52765V 3 ! 

0.98131 - 1.52457V 3 ! 


5.2.5 p=6 

According to SnapPy Da, 


VoI(Mq) + CS(Me)V—l = 1.41406 - 1.51206V 3 ! ( mod VVb^Z), 


and by (5.11 and (5.3 i, we have the following table of Q r (Me) modulo \/—l7r 2 Z. 


r 

51 

75 

101 

Qr(M 6 ) 

1.40044- 1.56234V 3 ! 

1.41501 - 1.54958V 3 ! 

1.41339- 1.53205V 3 ! 

r 

125 

151 

201 

Qr(M 6 ) 

1.41356 - 1.52508V 3 ! 

1.41372 - 1.52095V 3 ! 

1.41386- 1.51706 V 3 ! 


5.2.6 p=7 

According to SnapPy Da, 


Vol{M 7 ) + CS(M 7 )V^1 = 1.75713 - 1.55255V 3 ! ( mod V 3 !^), 


and by (5.11 and (5.3 i, we have the following table of Q r (M 7 ) modulo \/—l7r 2 Z. 


r 

51 

75 

101 

Qr(M 7 ) 

1.75178 - 1.63300V 3 ! 

1.75315 - 1.59624V 3 ! 

1.75507- 1.57634V 3 ! 

r 

125 

151 

201 

Qr(M 7 ) 

1.75582 - 1.56798V 3 ! 

1.75625 - 1.56308V 3 ! 

1.75664- 1.55846V 3 ! 


6 Integrality conjecture for torus links 


The purpose of this section is to provide supporting evidences to Conjecture 1.4 by both rigorous (§6.1 1 and 
numerical (§|6.2|i calculations. 
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6.1 Calculations for some torus links 

In this subsection, we will calculate TV r (M) for the complement of some torus links, including the unknot, the 
Trefoil knot, the Hopf link and the torus links T( 2 i 4 ) and T( 2 , 6 )- To simplify the notation, for a link L in S 3 , we let 

TV r (L) = TV r (S 3 \ L). 

All the ideal triangulations used in this section are obtain by using Regina |6] and SnapPy lfl6l . and for simplicity, 
we will omit all the arrows on the edges and keep only the colors. 

6.1.1 The unknot 

Proposition 6.1. Let U be the unknot in S 3 . Then 


TV r (U ) = 1 

for all r f 3 and for all roots of unity q of degree 2 r such that q 2 is a primitive root of unity of degree r. 
Proof The unknot complement has the following ideal triangulation as shown in the figure below. 




Therefore, for each r ^ 3, we have 


TV r {U) = y ^WqWb 

a,b 


a 

a 

a 

a 

a 

a 

a 

a 

b 

a 

a 

a 


( 6 . 1 ) 


where (a, b) £ I r x I r runs over all the admissible colorings at level r. The triple (a, a, a) being admissible implies 
that a £ I r nZ. Therefore, the right hand side of ( 6 .1 1 equals 


E 


Wc 


aelr 


a a a 
a a a 


E w& 

b 


a a a 
a a b 


where b is over all elements of I r such that (a, b) is admissible at level r. Then the result follows from the following 
identity 

E a a a 

w b , 

a a b 

b 


— $ 0 , 0 ,- 


( 6 . 2 ) 


To prove (6.2 1 , we use the Orthogonality. In (2.1 1 , we let m = 0, s = b and i = j = k = l= n = a. Then we 
have 

Yw b wo 

b 


a 

a 

0 

a 

a 

a 

a 

a 

b 

a 

a 

b 


- ^0 ,0 5 


where b is over all elements of I r such that (a, b) is admissible at level r. Since ujq = 1 and 
we have 


a a 0 
a a b 


[2a+l] > 


1 


[2a + 1] 


E 


w b 


a a a 


— <5o ,a- 


Since a ^ (r — 2)/2, the number l/[2a + 1] is well defined and not equal to zero. As a consequence, (6.2) 
holds. □ 
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Conjecture 6.2. Let K be a knot in S 3 . Then TV r (K) = 1 for all r and q if and only if K is the unknot. 

Remark 6.3. It is interesting to find an M f S 3 \ U, not necessarily a knot complement, such that TV r (M) = 1 
for all r and q. 

6.1.2 Trefoil knot 

Proposition 6.4. Let T( 2 ; 3 ) be the trefoil knot in S 3 . Then 

TV r (T( 2 , 3 )) = L 3 J + 1) 

for all r f 3 and for all roots of unity q of degree 2 r such that q 2 is a primitive root of unity of degree r. 

Proof. The Tt 2 , 3 ) knot complement has the following ideal triangulation as shown in the figure below. 



(6.3) 


where (a, b) £ I r x I r runs over all the admissible colorings at level r. The triple (a, a, a) being admissible implies 


that a € Z and a ^ (r — 2)/3. Hence the right hand side of (6.3 1 equals 


E 




W b W a 


a a a 
a a b 


a a a 
a a b 


where a is over all the integers in that range and b is over all elements of I r such that (a, b) is admissible at level r. 


Letting i=j = k = l= m = n = a and s = b in (2.1 1 , we have 


yi WbWq 
b 


a 

a a 

a 

a a 

a 

a b 

a 

a b 


= 1 , 


where b is over all elements of I r such that (a, a, b) is admissible at level r. As a consequence, 

TV r (T (2i 3))= ^ 1 = L r 3 2 . - 1 • 


□ 


6.1.3 Hopf link and torus links T( 2]4 ) and Y( 2 (i j 
Proposition 6.5. Let 7 ) 2 2 ) be the Hopf link in S 3 . Then 

TV r (T(2,2)) = r - 1 

for all r ^ 3 and for all roots of unity q of degree 2 r such that q 2 is a primitive root of unity of degree r. 
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Proof. The Hopf link complement has the following ideal triangulation as shown in the figure below. 



Therefore, for each r f 3, we have 


TVr(T(2 t2) ) 


y w a w b w c 

a,b,c 


a 

a 

a 

a a a 

a a a 

a 

a 

c 

b b b 

b b b 


y^WgW b 

a,b 


a 

b 


a 

b 


a 

b 


a a 
b b 



where for the first equation (a, b. c) runs over all the admissible colorings at level r, and in the second sum of the 
second equation c runs over all elements of I r such that all the involved quantum 6 j-symbols are admissible at 
level r. By ( |6.2| , we have 

a a a . 



Therefore, 


TV r {T (2a) ) = y 

b 



0 

0 

0 

0 

0 

0 

W 0 Wb 

b 

b 

b 

b 

b 

b 


E 1 ’ 


where the sum is over all elements b in I r such that (0, b , b) is admissible. Since (0, 6 , b) is admissible for all 
b £ I r , the sum is over all elements in I r , and 


rv r r (r (2i2) ) = |j r | = r-i. 


a 


Proposition 6.6. Let T( 2 , 4 ) be the (2, \)-torus link in S 3 . Then 

TVr{T (2A) ) = ([ r y 2 \ +1) (L^j +1) 

for all r ^ 3 and for all roots of unity q of degree 2 r such that q 2 is a primitive root of unity of degree r. 
Proof The 7 2 , 4 , link complement has the following ideal triangulation as shown in the figure below. 
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Therefore, for each r ^ 3, we have 


TV r (T (2A) ) 


E 


W a WbW c Wd 


(a,6,c,cZ)(E A r 


y w a w c 


b 

c 


a 

a 

b 

b 

b 

b 

b 

b 

b 

c 

c 

c 

a 

a 

d 

a 

a 

a 


a a b 
c c c 


b b 
a a 



b 

d 


where in the second equation, a, b. c run over elements of I, such that all the involved triples are admissible. We 
claim that 


y w d w b 

d 


b 

a 


b b 
a d 


x/=T 2a+2 V[2a + l][2 &+l] • S 0tb . 


Indeed, letting m = 0, i j = a, k - l - n = b and s = din the Orthogonality (|2. 1 [>, we have 


E' 



b 

b 

b 

b 

b 

b 

WdWb 

a 

a 

0 

a 

a 

d 


= <j< 


0,b- 


Then the claim follows from the fact that 


b b b 
a a 0 


2a+26 


\/[2 a + 1] [26 + 1] 


Therefore, we have 

TV r (T( 2 ,i)) = y WgW c 

a,c 

__ ( _ 1 \2a+2c /_i 2a _„ 

- g*- 1 ) 2 " 12 " +ii( - i)2c[2<;+ ^ 11 1 J+in* + ii n ^ 

=E‘. 

a,c 

where o, c run over all the elements of I r such that (c, c, a) and (a, a, 0) are admissible. Counting the number of 
such pairs (a, c), we have 

TV r (T {2A) ) = (l^J +1) (L^j + l) • 

□ 


a a 0 

a a 0 

0 

0 

0 

c c c 

c c c 

a 

a 

a 


^T 2q v/[2^TTI 


Proposition 6.7. Let T( 2; 6) be the (2, 6)-torus link in S 3 . Then 

TV r (S 3 \ T(2, 6)) = (L^J + l) (L^J + X ) 

for all r f 3 and for all roots of unity q of degree 2 r such that q 2 is a primitive root of unity of degree r. 
Proof The T( 2 ,6) link complement has the following ideal triangulation as shown in the figure below. 
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Therefore, for each r ^ 3, we have 


TV r (T( 2,6)) = W a W b UI c W d | 

(a,fe,c,d)G A r 


a 

a 

c 

a 

a 

c 

b 

b 

c 

b 

b 

a 

b 

b 

a 

b 

b 

b 


b b d 
b b c 


= E 


a a c 

a a c 

b 6 c 

f E wdWc 

^ d 

6 

b d 

b b a 

b b a 

b b 6 

6 

b c 


Wb 


where in the second equation, a, b, c run over elements of I r such that all the involved triples are admissible. We 
claim that 


E 


w d w c 


b b d 
b b c 


= (-1)^26+l]£ 0 , c . 


Indeed, letting m = 0,i=j = k = l = b,n = c and s = d in the Orthogonality ( |2. 1 [ >, we have 

E b b d b b d r 

WdWc 6 6 0 6 6 c ~ <5 °’ c ’ 

d 


Then the claim follows from the fact that 


Therefore, we have 

TV r (T^,6)) = ^ WgW b 
a.b 


b b d 
6 6 0 


(-l) 2b 
[26 + 1] 


a 

a 

0 

a 

a 

0 

b 

b 

0 

b 

b 

a 

b 

b 

a 

b 

b 

6 


(—1) 2& [26 + 1] 
^_-j^2a+2b ^_-^^2b 


E ( 1 ) 2 “[ 2a + 1 ]( 1 ) 2fc [26 + 1 ]p a + f^26 + i] [26+1] 

=E 1 > 


(—1) 26 [26 +1] 


a.b 


where a, 6 run over all the elements of I r such that (a, a, 6) and (6, 6,6) are admissible. Counting the number of 
such pairs (a, 6), we have 


TV r (T (2 , 6) ) = (l^j +1) (lVJ + x ) ■ 


2 r- 2 


□ 


6.2 Numerical evidences for Conjecture |1.4| 

Apparently Propositions |6.1| |6.4[ |6.5| |6.6[ |6.7| are supporting evidences to Conjecture |1.4| In the rest of this 
subsection, we will provide more numerical evidences. 

6.2.1 Knot T( 2 , 5 ) 

The table below contains the value of TV r (T( 2j 5 ); e »* ) for A: = 1,2,3 and r ^ 20. 


k\r 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

1 

1 

1 

0.381966 

1 

3 

3 

2 

0.763932 

2 

5 

5 

3 

1.14590 

3 

7 

7 

4 

1.52786 

2 

1 


2.61803 


3 


2 


2 


5 


7.85410 


7 


4 


3 


1 

2.61803 


3 

3 


5.23607 

2 


5 

3 


3 

7 


4 

10.4721 
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6.2.2 Knot TT 


The table below contains the value of TV r (T( 3 5 y, e 'r ) for k = 1, 2,3 and r ^ 20. 


k\r 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

1 

1 

1 

0.381966 

1 

2 

3 

2 

1.38197 

2 

4 

4 

3 

1.76393 

3 

6 

6 

4 

2.14590 

2 

1 


2.61803 


2 


2 


2 


4 


6.23607 


6 


4 


3 


1 

2.61803 


2 

3 


3.61803 

2 


4 

3 


3 

6 


4 

8.85410 


6.2.3 Knot T ( , 


The table below contains the value of TV r (T^ 2 ^)', e '*■ ) for k = 1, 2,3 and r ^ 21. 


fc\r||3|4|5|6 T 


9 10 11 12 13 14 15 16 17 18 19 20 21 


1 1 1 2 1 0.307979 14 3 3 5 2 0.615957 2 7 5 5 8 3 0.923936 


2 1 
3 


0.643104 


8 1.92931 


1 2 5.04892 1 3 3 2 10.0978 7 5 8 3 


6.2.4 Knot T ( , 


T / /C7T \/— 1 \ 

The table below contains the value of TV r (T( 3j 7) ; e f J for k = 1,2,3 and r ^ 21. 


fc\r|| 3 I 4 I 5 I 6 I T 


9 10 11 12 13 14 15 16 17 18 19 20 21 


1 1 1 2 1 0.198062 13 3 3 4 2 0.841166 2 2 5 5 6 3 1.03923 


2 1 
3 


3.24698 


6 11.5429 


1 2 1.55496 1 3 3 2 1.86294 2 5 6 3 


6.2.5 Knot T ( - 


The table below contains the value of TV r (T( 2j g); e ^ ) for k = 1,2,3 and r ^ 22. 


fc\r||3|4|5|6|7 


10 11 12 13 14 15 16 17 18 19 20 21 22 


1 1 1 1 2 3 1 0.283119 15 4 3 3 5 7 2 0.566237 2 9 7 5 


2 1 


0.426022 








6 . 2.6 Knot 2 , 11 ) 

The table below contains the value of TV r (T( 2 ,u ); ) for k = 1, 2,3 and r ^ 22. 


k\r 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

1 

1 

1 

1 

1 

2 

3 

4 

1 

0.271554 

1 

6 

5 

4 

3 

3 

5 

7 

9 

2 

0.543108 

2 

1 


1 


2 


4 


0.353253 


6 


4 


3 


7 


2 


3 


1 

1 


2 

3 


1 

0.582964 


6 

5 


3 

3 


7 

9 


1.16593 


7 Some discussions and further questions 


7.1 More comparisons with colored Jones polynomials 


Let us take a closer look at the asymptotic behavior of TV r (M ) in this subsection. To this end, we consider the 
following quantity 


<f> r (M) =ln TV r (M) - 


r -2 
2tt 


Vol(M). 


For M being the A'.j and A'-^ knot complements, by the data we obtained in i 4.1 and > 4.2 we found that the 
points (ln(r — 2), <J> r (M)) are asymptotic to a straight line y = | + c, where c is some constant. (See Figure[5] 
below, where in the first graph the points are respectively evaluated at r = 101,151,201, 301,401 and 501, and in 
the second graph the points are respectively evaluated at r = 81, 91,101,121,151 and 201.) 


<L(k 4| ) 

2.5 r 
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2.2 
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1.4 
1.2 


. ln(r-2) 

5.5 6.0 6.5 


1.0 1 . ln(r-2) 

4.0 4.2 4.4 4.6 4.8 5.0 5.2 5.4 


Figure 5 


This suggests that 

QV r (K; e 2 ^ 3 ) = Vol(S 3 \ K) + + O(^T-) 


(7.1) 


for K being the knots A' 4| or K- <2 . On the other hand, there is an expansion of colored Jones polynomial at roots 
of unity (cf. 1561 1. 


J r (K;e ^ ) = 3 


1 3 '-°US J \g 4l i 

4 7* 2 g 2 tt ' 


1 + 


117T 

36 V3r 
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which implies that 


(7.2) 


/'TV tt \/ _1 IT1 T* 

7- In I J r (K; er)\ = Vol(S 3 \ K\) + 3t r— + O(-). 


Comparing (7.1 1 and (7.2 1 , we see that in this case, QV r (K 4l ; e '■ ) converges much faster than =f- In \J r (K; e )|. 


It is really interesting to answer the following 

Question 7.1. Is the asymptotic behavior ofQV r (K)for a hyperbolic knot always of the form 

ln(r — 2 ) . 1 


QV r {K■ e ? ) = Vol(S 3 \ K) + tt- 


r -2 


■o( 


r - 2' 


Or equivalently, is the asymptotic behavior ofTV r (K) of the form 

TV r (K; e^) = «(r - 2 )<—=) (i + + •■■)? 

Proposition 6.1.2| and the data obtained in 56.2 suggest that TV r (K ) grows linearly in r — 2 for K being 
the toms knots T( 2 , 3 ), 2 / 2 , 5 ), ^( 2 , 7 )> ^( 2 , 9 ) > 7( 2 ,n), 7 ( 3 , 5 ) and 7 ( 3 , 7 ), and Propositions 6.6 and 6.7 imply that 
7K( 7 ( 2 , 4 )) and TV r (T( 2 , 6 )) grow polynomially in r — 2 of order 2 . On the other hand, Kashaev-Tirkkonen | 

show that \J r (K; e ^—)| for a toms knot K grows in the order ri, and Hikami |[23) shows that \J r (L; e~ 


for a toms link L of type (2, 2k) is deeply related to a class of modular forms of weight 3/2. We are curious if 
there is some relationship between TV r (L) and certain modular forms. Combined with the cases of K 4l and K - yi , 
it shows that the asymptotic behavior of TV r (L) is quite different from that of the values of the colored Jones 
polynomial. Nonetheless, it is still very interesting to ask the following 

Question 7.2. Is there a relationship between TV r (S 3 \ L) and the values of the colored Jones polynomials of LI 
As suggested by Proposition [6X2] and the data obtained in |6.2| it is interesting to answer the following 
Question 7.3. Let Tr mn \ be a torus knot. Does TV r {Ti m n \) grow linearly in r? 

Recall that we consider the quantity 

$ r (M) = In TV r (M) - r —^Vol{M). 

Z7T 


According to the data in 5 4.5 the points (ln(r — 2), & r {M m i n )) are asymptotic to a straight line y = — ff + c. (See 


the figure below, where the points are respectively evaluated at r = 51,101,201, 301,401, 501,1001 and 2001.) 


<W„in> 

-5 


J Mr-2) 


-7 


-9 


-10 


This suggests that 

2tt V C 3X Inf/* — 1 

QV r (M m { n \ e ? ) = Vol(M min ) - 3 tt^ — -7 + 0{ --). 

r — 2 r — 2 

It is interesting to ask the following 
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Question 7.4. Is the expansion above generally true for hyperbolic 3-manifolds M with totally geodesic boundary, 
or does the coefficient in front of ln ^ 2 2 ^ depend on the topology ofdMI 

7.2 Other further questions 

Question 7.5. If M is obtained by gluing M\ and M 2 together along some components of the boundary, do we 
have 

TV r (M) = TV r {Mf) ■ TV r {M 2 )? 

If so, then one could argue that the invariants TV r (M ) can be considered as the quantized version of the volume. 

Question 7.6. Let M be a knot or link complement in S 3 , how does TV r (M) behave under Dehn-fillings? 

Question 7.7. Fora compact 3-manifold M with boundary, what is the asymptotic behavior of {TV r (M; e )}? 

Question 7.8. For a compact 3-manifold M with or with out boundary, what is the asymptotic behavior of 
TV r (M ; q ) and, in the case of closed M, of T r {M ; q)for the other roots of unity ql Numerical calculation suggests 
that at the other roots, the invariants also grow exponentially with the growth rate the volume. 

Question 7.9. For a compact 3-manifold M with boundary, is there a Reshetikhin-Turaev type invariant r r (M) 
whose modulus gives TV r (M). 

Question 7.10. Is there a definition ofTV r (S 3 \ L) using a link diagram of L? 

Question 7.11. Do there exist two distinct links Li and L 2 such that for all r f 3, 

TV r (Li) = TV r (L 2 )I 

Question 7.12. Is there a Turaev-Viro type invariant of closed 3-manifold defined using ideal triangulations and 
Thurston’s spinning construction l\48\ \33V ? If so, what is its relationship with the original Turaev-Viro invariant? 
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